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Fundamental Theorem for plane curves

THEOREM

Prescribe ¥ = x(s) (continuous):
0(s) = [x(s)ds, x(s)= [cosbO(s)ds, y(s)= [sinf(s)ds
= (x(s), y(s)) unique up to rigid motions
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Fundamental Theorem for plane curves

THEOREM

Prescribe ¥ = x(s) (continuous):
0(s) = [x(s)ds, x(s)= [cosbO(s)ds, y(s)= [sinf(s)ds
= (x(s), y(s)) unique up to rigid motions

Example (Grim reaper)
k(s) =sechs = 0(s) = 2arctane®

x(s) = —logcoshs, y(s) =2arctane® <> x =logsiny, 0 <y <7

\__J




[D. Singer: Curves whose curvature depends on distance from the origin.
Amer. Math. Monthly 106 (1999), 835-841.]
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Singer’'s Problem

[D. Singer: Curves whose curvature depends on distance from the origin.
Amer. Math. Monthly 106 (1999), 835-841.]

Can a plane curve be determined if
its curvature is given in terms of its position?

X (8)y" (1) =y (D (1)
(< (22 +y'(£)2)"2

= x(x(t), ¥ (1))

x =x(x,y),
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Singer’'s Problem

[D. Singer: Curves whose curvature depends on distance from the origin.
Amer. Math. Monthly 106 (1999), 835-841.]

Can a plane curve be determined if
its curvature is given in terms of its position?

x =x(x,y),

k(x,y)=vVx2+y2 e x(r)=r J

Bernoulli lemniscate: r2 = 3sin 20



Euler's elastic curves

Elastica under tension o € R:
Critical points of [(k?+c)ds: 2& +x3 — 0ok =0



Euler's elastic curves

Elastica under tension o € R:
Critical points of [(k?+c)ds: 2& +x3 — 0ok =0

x(y) = 2Ay, )L>0J

Jx(y)dy = Ay2+ ¢
Tension 0 = —4Ac
Maximum curvature kg = 2v/Av/1—c, c < 1



Euler's elastic curves

Elastica under tension o € R:
Critical points of [(k?+c)ds: 2& +x3 — 0ok =0

x(y) = 2Ay, )L>0J

[x(y)dy = Ay? + ¢
Tension 0 = —4Ac
Maximum curvature kg = 2v/Av/1—c, c < 1

e c > —1, wavelike:




Euler's elastic curves

Elastica under tension o € R:
Critical points of [(k?+c)ds: 2& +x3 — 0ok =0

x(y) = 2Ay, )L>0J

[x(y)dy = Ay? + ¢
Tension 0 = —4Ac
Maximum curvature kg = 2VAVI—c c<1

e c > —1, wavelike: e c = —1, borderline;
k
K(s) = ko cn (20:'/’)' k(s) = ko sech %°,
p?=15¢ seR seR
N \\ Iﬂ

T f y \ V

‘ |
| .




Euler's elastic curves

Elastica under tension o € R:
Critical points of [(k?+c)ds: 2& +x3 — 0ok =0
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Maximum curvature kg = 2VAVI—c c<1

o c < —1, orbitlike:
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Curves with curvature depending on distance to a line

[I. Castro and |. Castro-Infantes: Plane curves with curvature depending
on distance to a line. Diff. Geom. Appl. 44 (2016), 77-97.]
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Prescribe ¥ = x(y) continuous.
The problem of determining a curve y(s) = (x(s), y(s)) -s arc length-
with curvature x(y) is solvable by three quadratures:

Theorem x = «(y)
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d
Q@ s=s(y) = /—ﬁ -y =y(s) --» k =x(s).
0 x(s) = — [K(y(s))ds
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[I. Castro and |. Castro-Infantes: Plane curves with curvature depending
on distance to a line. Diff. Geom. Appl. 44 (2016), 77-97.]

Prescribe ¥ = x(y) continuous.
The problem of determining a curve y(s) = (x(s), y(s)) -s arc length-
with curvature x(y) is solvable by three quadratures:

Theorem x = «(y)
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d
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Curves with curvature depending on distance to a line

Theorem « = «k(y)

Prescribe ¥ = x(y) continuous.
The problem of determining a curve y(s) = (x(s), y(s)) -s arc length-
with curvature x(y) is solvable by three quadratures:

@ [«x(y)dy = K(y), geometric linear momentum.

= 7dy -=>y =Yy(s) ——* K=K(s
) = [ ey =) k= x(e)
0 x(s) = — [K(y(s))ds

» 7 is uniquely determined, up to translations in x-direction, by K(y).

Q@ s=s




Curves with curvature depending on distance to a line

Theorem « = «k(y)

Prescribe ¥ = x(y) continuous.
The problem of determining a curve y(s) = (x(s), y(s)) -s arc length-
with curvature x(y) is solvable by three quadratures:

@ [«x(y)dy = K(y), geometric linear momentum.

= 7dy -=>y =Yy(s) ——* K=K(s
) = [y =9 =)
0 x(s) = — [K(y(s))ds

» 7 is uniquely determined, up to translations in x-direction, by K(y).

Q@ s=s

v

Example (Circles)

k=x9>0, K(y)=xoy+c

s — f dy __ arcsin(xoy+c)
V1= (roy+c)? ko
y(s) _ sm(Kigos)—c’ X(S) _ COS;EEOS)
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Plane curves such that [k(y)=A/y? (A = 1)

fK(y)dy: —1/y+c, c>-1
o K(y)=-1/y
y(s) =Vs?2+1--»x(s) = ﬁ seR
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Jx(y)dy =—=1/y+¢c, c> -1

o K(y)=—1/y
/(9) = VFFT o> k() = 2t
x(s) = log (s + m)

seR



Plane curves such that

k(y)=A/y* (A =1)

Jx(y)dy =—=1/y+¢c, c> -1

o K(y)=-1/y

y(s) =Vs2+1--+x(s) =

1
@,SER

x(s) = log (s + \/m)

Catenary: y = coshx, x € R
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Plane curves such that [k(y)=A/y? (A = 1)

Jx(y)dy =—=1/y+¢c, c> -1

o K(y)=—1/y
(5) = VT o> x(s) = 2t
x(s) = log (s + \/m)

Catenary: y = coshx, x € R

9x? = (y —2)%(2y — 1)

seR

e K(y)=1-1/y
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K(y) = Asiny

e 0<AKL] e A—1
y(s) = arcsin(sn(s,A))  y(s)=2arctan(tanh 3)
K(s) = Acn(s,A), k(s) =sechs, s€R
sER x(s) = —logcosh s
x(s) = —log (dn(s, A)
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Plane curves such that
K(y) = Asiny

e <AL

k(y)=Acosy (A >0)

. . sn(As,+)
y(s) = arcsin(sn(s, 1)) y(s)=2arctan(tanh 35) y(s)=arcsin ( e )

x(s) = —log (dn(s, A)
—Acn(s, A))

eA>1
eA=1
x(s) = Acen(s, A), k(s) =sechs, s€R K(s) :)Ldn(/\s,%),
sER x(s) = —logcosh s seR
Grim-reaper: x(s) = —log (dn()\s, %)
x = logcosy, —%cn(/\s,%))

—n/2<y<7m/2
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Plane curves such that
K(y) = Asinhy

y(s)

k(y)=Acoshy (A > 0)

K(s)
2

rccosh (nd(\/ 1+ A2s, p))
=And(vV1+4+AZ2s,p),

p?=1/(1+2?),seR

(/\(1+cn(\/ 14+A2s,p)) )
cn(V14+A25,p)—A2
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K(y) = Asinhy

y(s) = arccosh (nd(\/ 1+ A2s, p))
k(s) = And(vV1+AZ2s,p),
p?=1/(1+2?),seR

A(l4+en(V14A2s,p)) )
cn(V14+A25,p)—A2

n
/

x(s) = — arctan (

() )
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e K(y)=—eV+4¢c —-1<c<1

cosh(v1—c2s)—c iy
y(s) = log (PNLEI=E) x(s) = i sER

1-c2s

—c\
T ) cs

x(s) = 2arctan (e



Plane curves such that [x(y)=A/e” (A =1)

Jx(y)dy =—eY +c,c> -1

e L(y)=—eY+c —1<c<1

cosh(v/1—c2s)—c —c2
y(s) = log (%;) *(5) = v e 1@ seR

1-c2s

—c\
T ) cs

x(s) = 2arctan <e

J




Plane curves such that [x(y)=A/e” (A =1)

Jx(y)dy =—eY +c,c> -1

e L(y)=—eY+c —1<c<1
o cosh(v1—c2s)—c _ 1-¢?
Y(S) o |Og ( 1I-c? ) K(s) - cosh(v1—c2s)—c’ se€R
e\/1_52576
—F—— | — CS

x(s) = 2arctan < N

-

»c=0:K(y) =—e 7 Grim-reaper y = — logcosx, —71/2 < x < 71/2
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y(s) = log =

k(s) = 2

s2+1

o1 SER

x(s) =2arctans —s

Alysoid
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Plane curves such that [x(y)=A/e” (A =1)

Jx(y)dy =—eY +c,c> -1

e K(y)=—eY+4+c,c>1

ctsin(v/c>ls)
= log ( o] )
K(s) = —ofks sl < 72
c+sin(v/c2—1s) c2—

ctan(Vc>1s/2)+1
=2arctan ( T )fcs
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Plane curves such that
K(y) =Atany

k(y)=A/cos’y (A > 0)

sin(ﬂs))

N A1+A2?)
A2+4cos?(V14+A2s)’

T
sl < At

_ Alog (cos(\/1+/\25)+\//\2+c052(\/1+)\2s))

x(s) =

V1422




Plane curves such that [«(y)=A/ cos?y (A > 0)

K(y) =Atany

y(s) = arcsin (\/117)\2 sin(ms)>

_ A(1+7?)
x(s) = A2+cos?(v1+A2s)
sl < A
A
/\Iog(cos(\/1+A25)+\//\2+cos2(\/1+)\2s))
x(s) =
VI4A2
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Plane curves such that
K(y) = Atanhy
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Plane curves such that
K(y) = Atanhy

e <AL
y(s) =
arcsinh (S'nh\(/i‘li;?%))
K(s) _ A(1-A?)
"~ cosh?(v/1-A2s)—A2"
seR
x(s) =

—ﬁ log <cosh(\/ 1—A2s)

+\/cosh2(ms) - /\2)

x(y)=A/cosh?y (A > 0)




Plane curves such that

K(y) = Atanhy

e <AL

y(s) =
arcsinh (% m)
k(s) = A(1-A?)
T cosh?(vV/1—A2s)—A2’
seR
x(s) =
—ﬁ log <cosh( 1—A2s)

+\/cosh2(ms) - /\2)

x(y)=A/cosh?y (A > 0)

x(s) = arcsinh s

Catenary:
x = —coshy, y € R

/



Plane curves such that
K(y) = Atanhy

x(y)=A/cosh?y (A > 0)

e 0<AKL1
y(s) =
arcsinh (L”h(v 1—?\25)> eA=1 *Ax1
V1-A? - 1 2 y(s) =
A1-A2) y(s) = +s in(vAZ—1s)
K(s) = =5 _ 1 arcsinh (u)
cosh (\]R/l AZs)—A k(s) =112 S€R VATl
s€ _ . _ AA2-1)
x(s) = x(s) = arcsinh s x(s) = m
—7%1):)\2 log (cosh(\/l — A2s) Catenary: 5] < VAZ-1
5 x = —coshy, y € R x(s) =
+\/C05h (V1—A2s) 7/\2) A . (cosﬁ/ﬁs))
arcsin | —————>
Vi1 1

e ﬂT ——

/
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Uniqueness results

The catenary y = cosh x, x € R,
is the only plane curve (up to x-translations)
with geometric linear momentum KC(y) = —1/y

(and curvature [x(y) = 1/y?|).

The catenary x = —coshy, y € R,
is the only plane curve (up to x-translations)
with geometric linear momentum C(y) = tanhy

(and curvature | x(y) = 1/ cosh? y |).




Uniqueness results

The grim-reaper y = —logsinx, 0 < x < 7,
is the only plane curve (up to x-translations)

with geometric linear momentum K(y) = —e

(and curvature

Ky)=e?”

).

The grim-reaper x = logcosy, y € (=5, %),
is the only plane curve (up to x-translations)
n

with geometric linear momentum C(y) = siny

(and curvature

x(y) = cosy

).




@ Motivation

© Plane curves with curvature depending on distance to a line
@ New plane curves

@ Uniqueness results

@ Plane curves with curvature depending on distance from a point
@ New plane curves

@ Uniqueness results

@ Spherical curves with curvature depending on their position
@ New spherical curves
@ Uniqueness results

© Curves in Lorentz-Minkowski plane 1.2
@ Curves in IL2 with curvature depending on Lorentzian
pseudodistance to a spacelike or timelike geodesic
e Curves in IL? with curvature depending on Lorentzian
pseudodistance to a lightlike geodesic
@ Curves in IL2 whose curvature depends on Lorentzian
pseudodistance from the origin

«O>r «Fr <

it
it
it
N)
0
?



Curves with curvature depending on distance from a point

P.A. Djondjorov, M.T. Hadzhilazova, P.l. Marinov, |.M. Mladenov,
V.M. Vassiley, ...

[I. Castro, I. Castro-Infantes and J. Castro-Infantes: New plane curves

with curvature depending on distance from the origin. Mediterr. J. Math.
14 (2017), 108:1-19.]
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Theorem x = «(r)

Prescribe © = x(r) such that rx(r) continuous.
The problem of determining a curve y(s) = r(s) () -s arc length-
with curvature «(r) is solvable by three quadratures:
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@ [rx(r)dr = K(r), geometric angular momentum.
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V.M. Vassiley, ...

[I. Castro, |. Castro-Infantes and J. Castro-Infantes: New plane curves
with curvature depending on distance from the origin. Mediterr. J. Math.
14 (2017), 108:1-19.]

Theorem x = «(r)

Prescribe © = x(r) such that rx(r) continuous.
The problem of determining a curve y(s) = r(s) () -s arc length-
with curvature x(r) is solvable by three quadratures:

o er Ydr = K(r), geometric angular momentum.

- [

s=s( —=»r=r(s) -—-» k = x(s).
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Prescribe © = x(r) such that rx(r) continuous.
The problem of determining a curve y(s) = r(s) () -s arc length-
with curvature x(r) is solvable by three quadratures:

o er Ydr = K(r), geometric angular momentum.

- [

0 o(s)= [ ’Cr((rs ()52))ds.

s=s( —=»r=r(s) -—-» k = x(s).




Curves with curvature depending on distance from a point

P.A. Djondjorov, M.T. Hadzhilazova, P.l. Marinov, |.M. Mladenov,

V.M. Vassiley, ...

[I. Castro, I. Castro-Infantes and J. Castro-Infantes: New plane curves
with curvature depending on distance from the origin. Mediterr. J. Math.
14 (2017), 108:1-19.]

Theorem x = «(r)

Prescribe © = x(r) such that rx(r) continuous.
The problem of determining a curve y(s) = r(s) () -s arc length-
with curvature «(r) is solvable by three quadratures:

o er Ydr = K(r), geometric angular momentum.

- [

° e(s)=/’cr((+(;2))ds.

» 7 is uniquely determined, up to rotations, by K(r).

s=s( —=»r=r(s) -—-» k = x(s).




Curves with curvature depending on distance from a point

Theorem x = «(r)

Prescribe ¥ = x(r) such that rx(r) continuous.
The problem of determining a curve y(s) = r(s) e?(s) _s arc length-
with curvature x(r) is solvable by three quadratures:

@ [rx(r)dr = K(r), geometric angular momentum.

= =

@ o(s)= [ ’Cr((’s ()52))ds

» 7 is uniquely determined, up to rotations, by K(r).

Q s=s(r =3 r=r(s) -+ k = x(s).




Curves with curvature depending on distance from a point

Theorem x = «(r)

Prescribe « = x(r) such that r«x(r) continuous.
The problem of determining a curve y(s) = r(s) e"(*) -s arc length-
with curvature x(r) is solvable by three quadratures:

@ [rx(r)dr = K(r), geometric angular momentum.

= =

@ o(s)= [ ’Cr((’s ()52))ds

» 7 is uniquely determined, up to rotations, by K(r).

Q s=s(r =3 r=r(s) -+ k = x(s).

Example (Circles)
k=kyo >0, K(r)=kor?/2+c

rdr (c=0) :
s:fm =" (2/ko) arcsin(kor/2)

r(s) = (2/ko) sin(kgs/2), 6(s) = kos/2




Plane curves such that




Plane curves such that




Plane curves such that [x(r)

K(r) =r—20° (—c=20>0)




Plane curves such that [k(r)=1/r

K(r) = r—20% (—c = 2% > 0)

r(t) = p?(t? +1), 6(t) = t — 2arctan t (ds = r dt)



Plane curves such that [k(r)=1/r

[Mladenov, Hadzhilazova, Djondjorov and Vassilev, 2011]
[Marinov, Hadzhilazova and Mladenov, 2014]

K(r) =r—20° (—c=20>0)

r(t) = p?(t> +1), 6(t) = t — 2arctan t (ds = rdt)

Sturm or Norwich spiral
~




Plane curves such that [«(r) = Ar"™ 1 (A > 0,n#—1,0)

K(r) = At

n+1



Plane curves such that [«(r) = Ar"™ 1 (A > 0,n#—1,0)

K(r) = At

n+1



Plane curves such that

Al
IC(I’) T n+1r
A n—1
dg = L’ dr

k(r)=Ar"t (A >0,n#—

0)

Sinusoidal spirals r" = X sin (nb)




Plane curves such that [x(r) = Ar™ 1 (A > 0,n# —

0)

IC(I’) — n—)Otlr T

A rnfl
df = ——=ntt dr

2
A
1- (n+1) r2n

Sinusoidal spirals r" =

e n = 2: Bernoulli lemniscate r? = %sin 20

X sin (nb)




Plane curves such that

k(r)=Ar"t (A >0,n#—

0)

_ A+l
IC(I’) T n+1r
A ,n—1
do = L’ dr

2
A
1- (n+1) r2n

Sinusoidal spirals r" =

e n = 2: Bernoulli lemniscate r? = %sin 20

e n=1/2: Cardioid r = 4%sin2

NI

X sin (nb)




Plane curves such that

k(r)=Ar"t (A >0n#-1,0)

_ A+l
IC(I’) T n+1r
A rnfl
df = ——=ntt dr

2
A
1- (n+1) r2n

Sinusoidal spirals r" = X sin (n)

e n = 2: Bernoulli lemniscate r? = %sin 20 encQ:

e

e n=1/2: Cardioid r = -25 sin?

Algebraic curves

n=1/3,1/4,1/6
n=2/3,2/572/7
n=4/3,5/4,6/5

DS
HB

NI




Uniqueness results for plane curves

The Bernoulli lemniscate r2 = 3sin 20
is the only plane curve (up to rotations)
with geometric angular momentum KC(r) = r3/3

(and curvature | x(r) = r|).

The cardioid r = %(1 + cos @)
is the only plane curve (up to rotations)
with geometric angular momentum K (r)=ry/r

(and curvature | x(r) =52~ ).

NG

The Norwich spiral is the only (non circular)
plane curve (up to rotations) with curvature

k(r)y=1/r]




Plane curves such that

K(r)=ur®*—=A/r

x(r)=

A +3ur (A €R,p > 0)




Plane curves such that

K(r)=ur®*—=A/r

x(r)=

A +3ur (A €R,p > 0)




Plane curves such that

K(r)=ur®*—=A/r

o 1+4Au>0:
Ela,b;éO/‘u:ﬁ,/\:

K(r)=4+3ur (A € R, u > 0)

at—p*

2b2




Plane curves such that |k(r)=4 + 3ur (A € R, u > 0)

K(r)=ur®*—=A/r

urt — A

r/rt = (ur* — )2

do = dr
o1 +4Au>0:

Ela,b;«éO/‘u:ﬁ,/\:a

4_b4
2b?

Cassini ovals r*—2a%r2 cos 20+ a* = b*

ac{1,23},be {1,234}



Plane curves such that

k(r)=2A+u/r(A=1,u#0)

K(ry=r’+ur,u<1




Plane curves such that |x(r) =2A +u/r (A =1,u # 0)

K(r)=r*+ur,u<1

2coss —
r(s)=coss—pu, 0(s)=s+u /[ Cosdssfy k(s) = SCSSTH

coss —



Plane curves such that |x(r) =2A +u/r (A =1,u # 0)

K(ry=r’+ur,u<1

__2coss—u

r(s)=coss—pu, 0(s)=s+u /[ Cosdssfy x(s)
epuc(—11):p=cosy, 0<y<m
(sy =sin7y, ¢y = cos7, ty =tany)

coss —



Plane curves such that |x(r) =2A +u/r (A =1,u # 0)

K(r)=r*+ur,u<1
ds 2coss — U
r(s)=coss—p, 0(s) =s+p [ o= *(s)=————+

epuc(—L1):pu=cosy, 0<y<m
(sy =sin7y, ¢y = cos7, ty =tany)

coss — i

ry(s) = coss —cy, 0,(s) =s+ % arctanh (1?—% tan %)




Plane curves such that

k(r)=2A+u/r(A=1,u#0)

K(r)=r*+ur,u<1

r(s) = coss —u, 0(s) =s—|—]1f

o u=—1:

ds
coss—p

Inverse Norwich spiral
r(s) =coss+1, 6(s) =s—tan3

LN
N/

-
-




Plane curves such that |x(r) =2A +u/r (A =1,u # 0)

K(ry=r’+ur,u<1

r(s) = Ccoss — U, 9(5) = 5+Vf cosdssfpl K(S) - m

o< —lipu=—coshd, 6 >0
(ss = sinhé, ¢g = coshd, t; = tanh )

r5(s) = coss + ¢, 05(s) = s — t%_arctan (1-7—’5% tan %)




Plane curves such that

K(r) = AW T

k(r) =A/vVr2+1(0<A<1)




Plane curves such that [x(r) = A/Vr?+1(0< A < 1)

K(r) = AW T

A=sinB, B e (0,7/2) (sp =sinB, cg = cosf, tg =tanp)



Plane curves such that

k(r) =A/vVr2+1(0<A<1)

K(r) = AW T

A=sinB, Be(0,/2) (s

= sin B, cg = cos B, tg = tan )

2
rﬁ(t)z — o z(cﬁt) — 1, 6(t) = sgt +arctan (M)

B

tg

(ds=/r2 + 1dt, t:sinh(cﬁt)/c/%)

B




Plane curves such that [x(r) = A/Vr?+1(0< A < 1)

K(r)=AVri+1
A=sinB, B e (0,7/2) (sp =sinB, cg = cosf, tg =tanp)

2
rp(6)2 = P 1, 0p(r) = spt + arctan (25 2Y)

< tg
(ds= rﬁ2+1dt, t:sinh(cﬁt)/c/%)
_ sinBcosp
Kﬁ(s)— \/Wﬁe (0,7t/2)




Plane curves such that

K(r) = AW 1

k(r)=A/vVr?—1(A>0)

e 0< A<l : A=sina,a € (0,71/2)
(sx =sina, ¢y = cosa, t;, =tana)

K(r)=sinavr?—1




Plane curves such that [x(r) = A/ r?—1 (A > 0)

K(r) = AW 1

e 0< A<l : A=sina,a € (0,71/2)
(sx =sina, ¢y = cosa, t;, =tana)

K(r)=sinavr?—1

.2
r(t)? = sinh™(cut) 4 . 0, (t) = syt — arctan(t, tanh(cyt))

@

(ds=+/r2 —1dt, t=cosh(cyt)/c?)



Plane curves such that [x(r) = A/ r?—1 (A > 0)

K(r) = AW 1

e 0< A<l : A=sina,a € (0,71/2)
(sx =sina, ¢y = cosa, t;, =tana)

K(r)=sinavr?—1

r(t)? = M +1, 6,(t) = syt — arctan(t, tanh(cyt))

=./r2 —1dt, t=cosh(cyt)/c?)

— sina cosa

K,X(S) " Veostus2—1

S~



Plane curves such that [x(r) = A/ r?—1 (A > 0)

K(r) = AW 1




Plane curves such that

K(r) = AW 1

k(r)=A/vVr?—1(A>0)

Anti-clothoid

r(s) = v/1+2s, 0(s) = /25 — arctan/2s




Plane curves such that

K(r) = AW 1

k(r)=A/vVr?—1(A>0)

Anti-clothoid

r(s) = v/1+2s, 0(s) = /25 — arctan/2s

k(s)= -+, s>0

V2s




Plane curves such that

K(r) = AW 1

k(r)=A/vVr?—1(A>0)

eA>1:A=cosht,T>0
Sr =sinh T, ¢f = cosh T, t; = tanh 7)

(
K(r) =coshtv/r2 —1




Plane curves such that

x(r)

=A/Vr2—1(A>0)

K(r) = AW 1

eA>1:A=cosht,T>0

(st =sinh T, ¢ = cosh T, tr = tanh T)
(

r) = coshtv/r2 — 1

tr

rT(t)2 = sin (s 941, 0, (t) = c¢t —arctan (tan(sTt))

\/r2 1dt, t=— cos(sct)/s2)




Plane curves such that

x(r)

=A/Vr2—1(A>0)

K(r) = AP =1

eA>1:A=cosht,T>0

(st =sinh T, ¢ = cosh T, tr = tanh T)
(

r) =coshtvr2 —1

rT(t“)2 = sin (S 941, 0, (t) = ¢t — arctan (tan(sTt))

—\/rT2 1dt, t=— cos(sct)/s2)

_ _sinhtcosht

v/ 1—sinh* 1 52

k7(s)

tr




@ Motivation

© Plane curves with curvature depending on distance to a line
@ New plane curves

@ Uniqueness results

© Plane curves with curvature depending on distance from a point
@ New plane curves

@ Uniqueness results

@ Spherical curves with curvature depending on their position
@ New spherical curves
@ Uniqueness results

© Curves in Lorentz-Minkowski plane 1.2
@ Curves in IL2 with curvature depending on Lorentzian
pseudodistance to a spacelike or timelike geodesic
e Curves in IL? with curvature depending on Lorentzian
pseudodistance to a lightlike geodesic
@ Curves in IL2 whose curvature depends on Lorentzian
pseudodistance from the origin
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Spherical version of Singer's Problem



Spherical version of Singer's Problem

Can a spherical curve be determined
if its (geodesic) curvature is given in terms of its position?
x(s) y(s) z(s)
x(s) y(s) 2(s) | =x(x(s).y(s) z(s))
x(s) y(s) Z(s)

x(s)2 +y(s)? +2(s)° =1, x(s)* +y(s)> + 2(s)? =11




Spherical version of Singer's Problem

Can a spherical curve be determined

if its (geodesic) curvature is given in terms of its position?
x(s) y(s) z(s)
X(s) y(s) 2(s) | = x(x(s).y(s), z(s))
%(s) y(s) 2(s)

x(s)? +y(s)? +2(s)> = 1, x(s)* +y(s)* + 2(s)> = 1

[I. Castro, |. Castro-Infantes and J. Castro-Infantes. Spherical curves
whose curvature depends on distance to a great circle. Preprint.]




Spherical curves whose curvature depends
on distance to a geodesic (or from a point)



Spherical curves whose curvature depends
on distance to a geodesic (or from a point)

Theorem

Prescribe k = x(z) continuous.

The problem of determining a spherical curve

&(s) = (x(s),y(s), z(s)) -s arc parameter- whose curvature is k(z),
(z representing the signed distance to the great circle z=0),

is solvable by 3 quadratures:




Spherical curves whose curvature depends
on distance to a geodesic (or from a point)

Theorem

Prescribe k = x(z) continuous.

The problem of determining a spherical curve

&(s) = (x(s),y(s),z(s)) -s arc parameter- whose curvature is k(z),
(z representing the signed distance to the great circle z=0),

is solvable by 3 quadratures:

@ [«x(z)dz = K(z), spherical angular momentum




Spherical curves whose curvature depends
on distance to a geodesic (or from a point)

Theorem

Prescribe k = x(z) continuous.

The problem of determining a spherical curve

&(s) = (x(s),y(s),z(s)) -s arc parameter- whose curvature is k(z),
(z representing the signed distance to the great circle z=0),

is solvable by 3 quadratures:

@ [«x(z)dz = K(z), spherical angular momentum

Q s:s(z):/ 1—zdz -+ z=12(s) --» k = k(s)




Spherical curves whose curvature depends
on distance to a geodesic (or from a point)

Theorem

Prescribe k = x(z) continuous.

The problem of determining a spherical curve

&(s) = (x(s),y(s), z(s)) -s arc parameter- whose curvature is k(z),
(z representing the signed distance to the great circle z=0),

is solvable by 3 quadratures:

Q@ [x(z)dz=K(z), spherica/ angular momentum
Q@ s=s(z / -+ z=2(5) --» k =x(s
e (5) (5)

Q x(s) = cosg(s) cosA(s), y(s) = cosg(s)
¢(s) = arcsinz(s), A(s) = fz (s)) 1 ds

sinA(s),

?iﬁ




Spherical curves whose curvature depends
on distance to a geodesic (or from a point)

Theorem

Prescribe k = x(z) continuous.

The problem of determining a spherical curve

&(s) = (x(s),y(s), z(s)) -s arc parameter- whose curvature is k(z),
(z representing the signed distance to the great circle z=0),

is solvable by 3 quadratures:

Q@ [x(z)dz=K(z), spherica/ angular momentum

Q s=s(z / =7 K02 =3 z=2(s) --» k = k(s)

Q x(s) =cos@(s)cosA(s), y(s) =cos(s)sinA(s),

@(s) = arcsinz(s), A(s) = [ (()( s)) s

» C is uniquely determined (up to rotations around the z-axis) by K(z)




Examples

Example (Great circles)
k=0 [x(z)dz=rc,
s:f\/% :arcsinﬁ, le| <1,
z(s) = V1 —c?sins,
A(s) = —arctan(ctans),
&(s) = (coss, —csins, V1 — c?sins),
SN{Vi-c2y+cz=0},K=c




Examples

Example (Great circles)
k=0 [x(z)dz=rc,
5= f\/% :arcsinﬁ, le| <1,
z(s) = V1 —c?sins,
A(s) = —arctan(ctans),
&(s) = (coss, —csins, V1 — c?sins),
SN{Vi-c2y+cz=0},K=c

Example (Small circles)
k=ko>0: [x(z)dz=khkoz+c
z(s)=

1 (] 2 gl 112
?kg( 1—c2+k§ sin(y/1+kg s)—ckg),
le| < y/1+ k3.

_ 0 Q2 _ _ ko _
c=0:5 ﬂ{y—m},K(z)—koz




Spherical elasticae: characterization and generalization

Elasticae under tension o € IR:
critical points of F, (&) := fé(K2 +0)ds (0 = 0 free elasticae)



Spherical elasticae: characterization and generalization

Elasticae under tension o € IR:
critical points of F, (&) := fé(K2 +0)ds (0 = 0 free elasticae)

A-elasticae: critical points of FA(&) := fg(K +A)2ds, A € R



Spherical elasticae: characterization and generalization

Elasticae under tension ¢ € R:
critical points of F, (&) := fC(K2 +0)ds (0 = 0 free elasticae)

A-elasticae: critical points of FA(&) := fg(K +A)2ds, A € R

Theorem

(i) ¢ spherical curve, |k(z) =2az+ bl a#0, b€ R
([x(z)dz = K(z) = az? + bz + c)




Spherical elasticae: characterization and generalization

Elasticae under tension ¢ € R:
critical points of F, (&) := fC(K2 +0)ds (0 = 0 free elasticae)

A-elasticae: critical points of FA(&) := fg(K +A)2ds, A € R

Theorem
(i) ¢ spherical curve, |k(z) =2az+ bl a#0, b€ R
([x(z)dz = K(z) = az? + bz + c)
= ¢ critical points of fg(K2 — 2bk + b% — 4ac)ds




Spherical elasticae: characterization and generalization

Elasticae under tension ¢ € R:
critical points of F, (&) := fC(K2 +0)ds (0 = 0 free elasticae)

A-elasticae: critical points of FA(&) := fg(K +A)2ds, A € R

Theorem

(i) ¢ spherical curve, |k(z) =2az+ bl a#0, b€ R
([x(z)dz = K(z) = az? + bz + c)
= ¢ critical points of fg(K2 — 2bk + b% — 4ac)ds

o b=0 (K(z) = az’ + c): € elastica under tension ¢ = —4ac




Spherical elasticae: characterization and generalization

Elasticae under tension ¢ € R:
critical points of F, (&) := fC(K2 +0)ds (0 = 0 free elasticae)

A-elasticae: critical points of FA(&) := fg(K +A)2ds, A € R

Theorem

(i) ¢ spherical curve, |k(z) =2az+ bl a#0, b€ R

([x(z)dz = K(z) = az? + bz + c)
= ¢ critical points of fC(K2 — 2bk + b% — 4ac)ds
o b=0 (K(z) = az* + c): € elastica under tension o = —4ac

o ¢ =0 (K(z) = az’ + bz): & A-elastica, A = —b




Spherical elasticae: characterization and generalization

Elasticae under tension ¢ € R:
critical points of F, (&) := fC(K2 +0)ds (0 = 0 free elasticae)

A-elasticae: critical points of FA(&) := fg(K +A)2ds, A € R

Theorem

(i) ¢ spherical curve, |k(z) =2az+ bl a#0, b€ R
([x(z)dz = K(z) = az? + bz + c)
= ¢ critical points of fg(K2 — 2bk + b% — 4ac)ds

o b=0 (K(z) = az’ + c): € elastica under tension ¢ = —4ac
o ¢ =0 (K(z) = az’ + bz): & A-elastica, A = —b

(il) Conversely, ¢ critical point of
FME) = [((k+1)>+0)ds, Ao €R

=3Jda#0,beR:x(z) =2az+b




Spherical borderline elastic curves.

ea>1/2,b=0,c=1:

k(z) = 2az

,a>0,lC(z):azz+1



Spherical borderline elastic curves.

ea>1/2,b=0,c=1: K(z):2az,a>0,lC(z):az2+1

@(s) = arcsin (@ sech(1/2a — ls)) , seR
x(s) = 2v/2a — 1sech(y/2a — 1s)




Spherical borderline elastic curves.

ea>1/2,b=0,c=1:

k(z) = 2az|,

a>0, IC(Z):322+1

@(s) = arcsin (@ sech(1/2a — ls)) , seR
x(s) = 2v/2a — 1sech(y/2a — 1s)
A(s) = —a [tan? g(s)ds + [ sec? ¢(s)ds

a=1:A(s)=s;
atl: A(s):s+arctan(

Vv2a—1
1-a

tanhﬁ/ﬁs))



Spherical borderline elastic curves.

©ea>1/2,b=0,¢c=1:

k(z) = 2az

,a>0, K(z) =az’>+1

@(s) = arcsin (@ sech(v/2a — 15)) , seR
x(s) = 2v/2a — 1sech(y/2a — 1s)
A(s) = —a [tan? g(s)ds + [ sec? ¢(s)ds

a£l:A(s) :s+arctan(

a=1:A(s)=s;
Vlzfgl tanh(y/2a — 15))




Seiffert’s spherical elastic spirals

r=sn(s, k), 6 = ks, z=cn(s, k), (k>0)



Seiffert’s spherical elastic spirals

r=sn(s, k), 6 = ks, z=cn(s, k), (k>0)

eb=0,a+c=0:

k(z) = 2az

,a>0, K(z2)

282273



Seiffert’s spherical elastic spirals

r=sn(s, k), 6 = ks, z=cn(s, k), (k>0)

eb=0,a+c=0:|x(z) =2az| a>0, K(z) =az> —a

z(s) =cn(s,a),a>0
x(s) =2acn(s,a), a>0



Seiffert’s spherical elastic spirals

r=sn(s, k), 6 = ks, z=cn(s, k), (k>0)

eb=0,a+c=0:|x(z) =2az| a>0, K(z) =az> —a

z(s) =cn(s,a),a>0
acn(s,a), a>0

ks
—
)
[
I
N

s, r(s) =sn(s,a), a>0



Seiffert’s spherical elastic spirals

r=sn(s, k), 0 = ks, z=cn(s, k), (k> 0) [Erdos, 2000]

eb=0,a+c=0:|x(z) =2az| a>0, K(z) =az> —a




New spherical curves I:

k(z) = ﬁ , O<a=sina<l (0<a<7m/2)

K(z) = —V/sina — 22
arcsin(cosa s)
k(s) = =2, |s] < tana

)
\/s2—c2s2

-
N
Il

2
CySTS,
A(s) = L arctan % -
« cx\/ 82 —c2s?




New spherical curves Il:

_ az
K(Z) = ﬁ , a=cosh?6>1, (6>0)

K(z) = —V/1— cosh? 622

(P(S) — arcsin(esinhés)
K(s) = cosh? § esinhds e loxcoshs/ sinhs
B \/1*C05h2§e2sinh55’ g
)L(S) =

sinh o

: \/1—cosh? § e2sinhés
_ﬁ arctanh (\/1 _ Cosh25e2smhz§s) + arctan ( 1—cosh?de >




New spherical curves IlI:

1-22° 2
K(z2) =Lt =22 =x(g)| o<p <

K(z) =pzv1—2z2= §sin2¢ = K(¢)
¢(s) = am(s, p)
x(s) = p(2cn(s, p) — 1/ cn(s, p))

d , /
A(s) = =55 log (ﬁ%i,’jﬁﬁ) pl=+1-p?




Uniqueness results on classical spherical curves
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Uniqueness results on classical spherical curves

Loxodromes

The loxodromes, dA = cota 22« € (0,71/2),

cos¢@’
are the only spherical curves

(up to rotations around z-axis)
with spherical angular momentum

K(¢) = — cosa cos ¢

(and curvature | k(@) = cosatan ¢ |).

x(s) = cosa tan(sinas), « € (0,77/2)




Uniqueness results on classical spherical curves

Loxodromes

The loxodromes, dA = cotacgs(pq,, a € (0,7/2),
are the only spherical curves

(up to rotations around z-axis)

with spherical angular momentum

K(¢) = — coswacos ¢

(and curvature | k(@) = cosatan ¢ |).

x(s) = cosa tan(sinas), « € (0,77/2)




Uniqueness results on classical spherical curves

Loxodromes

The loxodromes, dA = cotacgs(’)go, a € (0,7/2),

are the only spherical curves
(up to rotations around z-axis)
with spherical angular momentum

K(¢) = — cosa cos ¢

(and curvature | k(@) = cosatan ¢ |).

x(s) = cosa tan(sinas), « € (0,77/2)
Spherical catenaries
: The spherical catenaries, sin gocos2 @ ‘;—2 = 3,
a < 1/2, are the only spherical curves

(up to rotations around z-axis)

with spherical angular momentum

K(¢) =—a/sing

(and curvature [ x(z) = a/ sin? ¢

~

- 22
K(s) = 1+v1—-4a2sin2s




Uniqueness results on classical spherical curves

Viviani's curve




Uniqueness results on classical spherical curves

Viviani's curve

Viviani's curve, A = @, is the only spherical curve

(up to rotations around z-axis)

= with spherical angular momentum K(z) =

721
272

(and curvature | k(z) = (2(3—22)

).

2—272)3/2




Uniqueness results on classical spherical curves

Viviani's curve

Viviani's curve, A = @, is the only spherical curve

(up to rotations around z-axis)

with spherical angular momentum K(z) =

721
272

(and curvature | k(z) = (2(3—22)

2—272)3/2

).




Uniqueness results on classical spherical curves

Viviani's curve

Viviani's curve, A = @, is the only spherical curve
(up to rotations around z-axis)

. . 2_
=k with spherical angular momentum K(z) = Vo L
i | 4 —z

(and curvature [ x(z) = % ).

spherical spirals
2 Archimedean spherical spirals, ¢ = nA, n > 0,

are the only spherical curves
(up to rotations around z-axis)
with spherical angular momentum
— 221
IC(Z) T V14n2=22
_ z(2n?+1-2?%)
K(z) = (n211-22)3/2

(and curvature

~




@ Motivation

© Plane curves with curvature depending on distance to a line
@ New plane curves

@ Uniqueness results

© Plane curves with curvature depending on distance from a point
@ New plane curves

@ Uniqueness results

@ Spherical curves with curvature depending on their position
@ New spherical curves
@ Uniqueness results

@ Curves in Lorentz-Minkowski plane 1.2
@ Curves in IL2 with curvature depending on Lorentzian
pseudodistance to a spacelike or timelike geodesic
e Curves in IL? with curvature depending on Lorentzian
pseudodistance to a lightlike geodesic
@ Curves in IL2 whose curvature depends on Lorentzian
pseudodistance from the origin

«O>r «Fr <

it
it
it
N)
b
?



Curves in Lorentz-Minkowski plane

L2:=(R?, g = —dx? + dy?)



Curves in Lorentz-Minkowski plane

L2:=(R?, g = —dx? + dy?)

e 0 # v € IL? spacelike if g(v, v) > 0, lightlike if g(v,v) =0,
and timelike if g(v,v) <0



Curves in Lorentz-Minkowski plane

IL2:=(R? g=—dx? + dy?)
e 0 # v € IL? spacelike if g(v, v) > 0, lightlike if g(v,v) =0,
and timelike if g(v,v) <0
e y=(x,y):1 CR — RR? spacelike (resp. timelike) if 9/(t) spacelike
(resp. timelike) Vt € I; y(tp) lightlike point if 7/(ty) lightlike vector



Curves in Lorentz-Minkowski plane

L2:=(R?, g = —dx? + dy?)

e 0 # v € IL? spacelike if g(v, v) > 0, lightlike if g(v,v) =0,

and timelike if g(v,v) <0

e y=(x,y):1 CR — RR? spacelike (resp. timelike) if 9/(t) spacelike
(resp. timelike) Vt € I; y(tp) lightlike point if 7/(ty) lightlike vector
e v=(x,y) unit-speed spacelike (resp. timelike) if g(¥(s),¥(s)) =€,
Vs €| (e = 1if 7 spacelike, € = —1 if 7y timelike)



Curves in Lorentz-Minkowski plane

L2:=(R?, g = —dx? + dy?)

e 0 # v € IL? spacelike if g(v, v) > 0, lightlike if g(v,v) =0,

and timelike if g(v,v) <0

e y=(x,y):1 CR — RR? spacelike (resp. timelike) if 9/(t) spacelike
(resp. timelike) Vt € I; y(tp) lightlike point if 7/(ty) lightlike vector
e v=(x,y) unit-speed spacelike (resp. timelike) if g(¥(s),¥(s)) =€,
Vs €| (e = 1if 7 spacelike, € = —1 if 7y timelike)

o T=7=(xy), N=7"=(y.%),g(T. T) = ¢ g(N,N) = —¢
Frenet frame and eqns:  T(s) = k(s)N(s), N(s) = x(s) T (s)



Curves in Lorentz-Minkowski plane

L2:=(R?, g = —dx? + dy?)
e 0 # v € IL? spacelike if g(v, v) > 0, lightlike if g(v,v) =0,
and timelike if g(v,v) <0
e y=(x,y):1 CR — RR? spacelike (resp. timelike) if 9/(t) spacelike
(resp. timelike) Vt € I; y(tp) lightlike point if 7/(ty) lightlike vector
e v=(x,y) unit-speed spacelike (resp. timelike) if g(¥(s),¥(s)) =€,
Vs €| (e = 1if 7 spacelike, € = —1 if 7y timelike)
o T=7=(xy), N=7"=(y.%),g(T. T) = ¢ g(N,N) = —¢
Frenet frame and eqns:  T(s) = k(s)N(s), N(s) = x(s) T (s)

Theorem

Prescribe © = x(s):
Any spacelike curve a(s) in IL? can be represented (up to isometries) by

a(s) = (/ sinh q)(s)ds,/cosh go(s)ds) with ¢(s) = /K(s)ds.

Any timelike curve B(s) in IL% can be represented (up to isometries) by

B(s) = </ cosh (])(s)ds,/sinh 4)(5)ds> with ¢(s) = /K(s)ds.




Curves in Lorentz-Minkowski plane

Geodesics

The spacelike geodesics can be written as:
&g, (s) = (sinh@gs,coshggs), s € R, ¢g € R,
and the timelike geodesics can be written as:

Byo(s) = (coshpg s,sinhgs), s € R, ¢g € R.




Lorentzian Pseudodistance

Define the Lorentzian pseudodistance by

512 x 12— [0, 400), 5(P, Q) = +/|g(PG, PO)|



Lorentzian Pseudodistance

Define the Lorentzian pseudodistance by

§:1L2x L2 - [0, +00), 6(P. Q) = \/|g(PQ, PO)]

Fix the timelike geodesic Bo, i.e. the x-axis.

7 T 4 k1 k3

P = (x,y) € L2, y # 0; spacelike geodesics «,, with slope m = coth ¢,
Im| >1;, PP =(x—y/m,0)



Lorentzian Pseudodistance

Define the Lorentzian pseudodistance by

§:1L2x L2 - [0, +00), 6(P. Q) = \/|g(PQ, PO)]

Fix the timelike geodesic Bo, i.e. the x-axis.

7 T 4 k1 k3

P = (x,y) € L2, y # 0; spacelike geodesics «,, with slope m = coth ¢,
Im| >1;, PP =(x—y/m,0)

0< 3PP =(1-5)y = <y =" g0 =0



Lorentzian Pseudodistance

Define the Lorentzian pseudodistance by

§:1L2x L2 - [0, +00), 6(P. Q) = \/|g(PQ, PO)]

Fix the timelike geodesic Bo, i.e. the x-axis.

P = (x,y) € L2, y # 0; spacelike geodesics «,, with slope m = coth ¢,
Im| >1;, PP =(x—y/m,0)
2

0< 3PP =(1-5)y = <y =" g0 =0

cosh? ¢

ly|: maximum Lorentzian pseudodistance through spacelike geodesics
from P=(x,y), y # 0, to the x-axis.



Lorentzian Pseudodistance

Define the Lorentzian pseudodistance by

§5:L2 x L2 — [0, +00), 8(P, Q) = 1/ |¢(PQ, PQ)]



Lorentzian Pseudodistance

Define the Lorentzian pseudodistance by

512 X2 — [0,+0), 5(P, Q) = 1/ |g(PO, PO)|

Fix the lightlike geodesic x = y.

P=(x.y)

P=(xy)e L2, x = y; spacelike and timelike geodesics ypm,
meRU {oo}, m#1; P = (mxfy mX,y)

m—1"' m-1




Lorentzian Pseudodistance

Define the Lorentzian pseudodistance by

512 X2 — [0,+0), 5(P, Q) = 1/ |g(PO, PO)|

Fix the lightlike geodesic x = y.

P=(x.y)

P = (x,y) € L2, x # y; spacelike and timelike geodesics 7,

mE]RU{oo}, m#1; P = (mxfy mX,y)

m—1"' m-1

0<8(P, P2 = (y = x) | }|; 6(P, P')2 = (y — x)> & m =

m—1



Lorentzian Pseudodistance

Define the Lorentzian pseudodistance by

6:1L2 x1L2 — [0, 400), 8(P,Q) = Ig(P—& P—C5)\

Fix the lightlike geodesic x = y.

P=(x.y)

P=(xy)e L2, x # y; spacelike and timelike geodesics v,
meRU {oo}, m#1; P = (mxfy mX,y)

m—1"' m-1

m—1

0<6(P,P)?= (Y—X)2‘LH‘;5(P,P’)2:(y—x)2<:)m:0, m= oo

ly — x|: Lorentzian pseudodistance from P=(x,y) € IL?, x # y,
to the lightlike geodesic x = y through the horizontal timelike geodesic
or the vertical spacelike geodesic.



Singer's Problem in IL.2

Determine those (spacelike and timelike) curves ¥ = (x, y) in IL?
whose curvature k depends on some given function k¥ = x(x, y)




Singer's Problem in IL.2

Determine those (spacelike and timelike) curves ¥ = (x, y) in IL?
whose curvature k depends on some given function k¥ = x(x, y)

» Curvature ¥ = x(x, y) depending on:
@ Lorentzian pseudodistance to a fixed timelike geodesic:
K(x,y) =x(y).




Singer's Problem in IL.2

Determine those (spacelike and timelike) curves ¥ = (x, y) in IL?
whose curvature k depends on some given function k¥ = x(x, y)

» Curvature ¥ = x(x, y) depending on:
@ Lorentzian pseudodistance to a fixed timelike geodesic:
k(x,y) =x(y).
@ Lorentzian pseudodistance to a fixed spacelike geodesic:
K(x,y) = x(x).




Singer's Problem in IL.2

Determine those (spacelike and timelike) curves ¥ = (x, y) in IL?
whose curvature k depends on some given function k¥ = x(x, y)

» Curvature ¥ = x(x, y) depending on:
@ Lorentzian pseudodistance to a fixed timelike geodesic:

k(x,y) =x(y).
@ Lorentzian pseudodistance to a fixed spacelike geodesic:
k(x,y) = x(x).

@ Lorentzian pseudodistance to a fixed lightlike geodesic:
k(x,y) =x(v), v=y —x.




Singer's Problem in IL.2

Determine those (spacelike and timelike) curves ¥ = (x, y) in IL?
whose curvature k depends on some given function k¥ = x(x, y)

» Curvature ¥ = x(x, y) depending on:

@ Lorentzian pseudodistance to a fixed timelike geodesic:
K(x,y) =x(y).

@ Lorentzian pseudodistance to a fixed spacelike geodesic:
k(x,y) = x(x).

@ Lorentzian pseudodistance to a fixed lightlike geodesic:
k(x,y) =x(v), v=y —x.

@ Lorentzian pseudodistance to a fixed point:

k(x,y) =x(p), p = V| — x> +y2|.




Singer's Problem in IL.2

Determine those (spacelike and timelike) curves ¥ = (x, y) in IL?
whose curvature k depends on some given function k¥ = x(x, y)

» Curvature ¥ = x(x, y) depending on:

@ Lorentzian pseudodistance to a fixed timelike geodesic:
K(x,y) =x(y).

@ Lorentzian pseudodistance to a fixed spacelike geodesic:
K(x,y) = K(x).

@ Lorentzian pseudodistance to a fixed lightlike geodesic:
k(x,y) =x(v), v=y —x.

@ Lorentzian pseudodistance to a fixed point:

k(x,y) = k(). p = /] — 2+ y2].




Singer's Problem in IL.2

Determine those (spacelike and timelike) curves ¥ = (x, y) in IL?
whose curvature k depends on some given function k¥ = x(x, y)

» Curvature ¥ = x(x, y) depending on:

@ Lorentzian pseudodistance to a fixed timelike geodesic:
K(x,y) =x(y).

@ Lorentzian pseudodistance to a fixed spacelike geodesic:
K(x,y) = K(x).

@ Lorentzian pseudodistance to a fixed lightlike geodesic:
k(x,y) =x(v), v=y —x.

@ Lorentzian pseudodistance to a fixed point:

k(x,y) =x(p) p=V|—x*+y?|.

v = (x,y) spacelike (resp. timelike) with ¥ = x(y)
= 4§ = (y, x) timelike (resp. spacelike) with x = x(x)



Theorem

Prescribe ¥ = x(y) continuous.
Then the problem of determining a spacelike or timelike curve

(x(s),y(s)) -s arc length- is solvable by three quadratures
(e = 1 spacelike, € = —1 timelike):




Theorem

Prescribe ¥ = x(y) continuous.
Then the problem of determining a spacelike or timelike curve

(x(s),y(s)) -s arc length- is solvable by three quadratures
(e = 1 spacelike, € = —1 timelike):

Q / )dy = K(y), geometric linear momentum.
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Theorem

Prescribe ¥ = x(y) continuous.
Then the problem of determining a spacelike or timelike curve
(x(s),y(s)) -s arc length- is solvable by three quadratures

(e = 1 spacelike, € = —1 timelike):
Q / )dy = K(y), geometric linear momentum.
Q s=s(y /
)= VK 2 +e

where K(y)2 + € > 0, --» y =y(s) --» x(s).

u]
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I
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Theorem

Prescribe ¥ = x(y) continuous.
Then the problem of determining a spacelike or timelike curve
(x(s),y(s)) -s arc length- is solvable by three quadratures

(e = 1 spacelike, € = —1 timelike):
Q / )dy = K(y), geometric linear momentum.
dy
0 =5ty = /—.
VEK(y)2+e

where KC(y)2 +€ >0, -—-» y = y(s) —-» x(s).

$) = [ Kiv(s))ds

u]
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i
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Theorem

Prescribe ¥ = x(y) continuous.

Then the problem of determining a spacelike or timelike curve
(x(s),y(s)) -s arc length- is solvable by three quadratures

(e = 1 spacelike, € = —1 timelike):

Q / )dy = K(y), geometric linear momentum.

—s(y) = dy
°5—5(”—/W'

where KC(y)2 +€ >0, -—-» y = y(s) —-» x(s).

= [ K(y(s))ds

» Such a curve is uniquely determined by IC(y) up to a x-translation.




Theorem

Prescribe ¥ = x(y) continuous.
Then the problem of determining a spacelike or timelike curve
(x(s),y(s)) -s arc length- is solvable by three quadratures

(e = 1 spacelike, € = —1 timelike):
Q / )dy = K(y), geometric linear momentum.
dy
0 s sty - /—.
VEK(y)2+e

where KC(y)2 +€ >0, -—-» y = y(s) —-» x(s).

= [ K(y(s))ds

» Such a curve is uniquely determined by /C(y) up to a x-translation.
e C(y) will distinguish geometrically the curves inside a same family
by their relative position with respect to the x-axis.




Geodesics: kK =0
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Example 1

Geodesics: k =0

N
VZte V2+€

x(s) =cs, y(s) =Vc?+es, seR.

e L(y)=c€eR.s ?+e>0.




Example 1

Geodesics: k =0

/ y _ ¥
VeZte Vcl+e
x(s) =cs, y(s) = V2 +es, s €R.
€ =1: K = c:=sinh ¢g — spacelike geodesics a,.
¢ = 0 = ¢g corresponds to the y-axis.
€ = —1: K = c:= cosh ¢y — timelike geodesics By, .
¢ =14 ¢o = 0 corresponds to the x-axis.

e L(y)=c€eR.s= ,c?+e>0.

N\




Circles: k=ko>0

«Or Fr o«
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Circles: x=ko>0

® K(y) = koy + ¢, c €R.

s = R
(koy+c)2+e

(O @ (=»

«E»

Q>



Example 2

Circles: k=ky>0

= = d
e K(y) =koy+c,ceR. s —L\/m
€ = 1: s = arcsinh(kgy + ¢)/ ko.

x(s) = cosh(kos)/ ko, y(s) = (sinh(kgs) — ¢)/ko, s € R.
€ = —1: s = arccosh(koy + ¢)/ ko
x(s) = sinh(kos)/ ko, y(s) = (cosh(kgs) — ¢)/ ko, s € R.

N

K/

%

% N

7z )

Spacelike and timelike pseudocircles in IL2 of radius 1/ kg.



Elasticae in 1.2

Definition
v, spacelike or timelike curve in ]Lz, elastica under tension o if

1 o
2k —x3 —ok =0, 0 € R. Energy E := 1'{2—11(4—7(2.




Elasticae in 1.2

Definition

v, spacelike or timelike curve in ]Lz, elastica under tension o if

1 o
3 _ok=00€eR. Energy E := A

o
KoK 2" 72

k(y)=2ay+b,a#0 beR |




Elasticae in 1.2

Definition

v, spacelike or timelike curve in ]Lz, elastica under tension o if

1
2k —x3 —ok =0, 0 € R. Energy E := - ZK4—gK2.
k(y)=2ay+b,a#0 beR )
Proposition

7 spacelike or timelike curve in L2
(i) fx(y) =2ay+b, a#0, b€ R, and K(y) = ay’ + by +c,
a#0, b, c €R, then v elastica under tension o = 4ac — b and
energy E = 4ea® + 02 /4
(where € = 1 if v is spacelike and € = —1 if 7y is timelike).




Elasticae in 1.2

Definition

v, spacelike or timelike curve in ]Lz, elastica under tension o if

1
2k —x3 —ok =0, 0 € R. Energy E := - ZK4—gK2.
k(y)=2ay+b,a#0 beR J
Proposition

7 spacelike or timelike curve in L2
(i) fx(y) =2ay +b, a#0, b€R, and K(y) = ay? + by +c,
a#0, b, c €R, then v elastica under tension o = 4ac — b and
energy E = 4ea® + 02 /4
(where € = 1 if 7y is spacelike and € = —1 if 7y is timelike).
(i) If y elastica under tension o and energy E, with E # 02 /4, then
k(y) =2ay+b, a#0, beR.




Spacelike elasticae: [x(y) =

"C(y):y2+c,c:sinh;761[{




Spacelike elasticae: [k(y) =2y, e =1

e K(y)=y?+c, c=sinhy € R (s, =sinhy and ¢, = cosh)

X;7<S) = (s,,+c4)s+\/ﬁ<cn(fs ky) (kzsd(\/ﬁs k,1) ds(\/Sy s, kv)) —2E(\/G’s, k,]))
__ 1-tanh
yy(s)=/G cs(\/Gy s ky) nd(\ /Gy s, ky), kif = t;n 1

s € (2mK (ky)/v/€y, 2(m+ 1)K (kﬂ)/\f,]),me]N
Ky (s) = 2,/G; cs(\/Cy s, ky) nd( /Sy s, ky).

-
,
-
s
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yy/ 144
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Spacelike elastic curves ay = (xy,yy), (7 = 0,15, —1,5).



Timelike elasticae:




Timelike elasticae: [x(y)

° /C(Y) = 1(c=1).
x1(s) = \ECOth(\[S)
yi( v2

22
" sinh(v2s)”

1 (s

)
S) smh\fs's#O.
) =

S
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-
#
-
=
~
~
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Timelike elasticae: |k(y) =2y, e = —1

e K(y) = y? +cosh?8, 6 >0 (c > 1)



Timelike elasticae: |k(y) =2y, e = —1

e K(y) = y? +cosh?8, 6 >0 (c > 1)

xs5(s) = s+ /2 +1 (dn(,/c§+1s ks)tn(y/c2 + 15, kz;)fE(,/chrls,k(;)),

_ 2 2 _ 2
y5(s) = ss tn(y/c5 + 15, ks), kj = Trcod®s’

(2m—1 (ks)/ /G +1,@m+ 1)K (k) /(e +1), me N.

K(s :25§tn A/ §+1S,k(5.
7 N .
/ ¥ s N {

/
N 4 B 74 /

. . <

v _ A

7/ / 4

F 4

p 3

AN

LY

AN

LN

Timelike elastic curves Bs = (x5,ys5) (6 =0,5,1,1,5).



Timelike elasticae: |k(y) =2y, e = —1

o K(y) =y?+siny, [p| < /2 (|c| < 1)



Timelike elasticae: |k(y) =2y, e = —1

o K(y) =y?+siny, [p| < /2 (|c| < 1)

xp(s) = s+ V2 (dn(vV2s, k) tn(v25s, ky) — E(V25, ky) ),
yp(s) = T=spnc(vV2s, ky), kf = =52,
se((2m—1) (kp)/V2,(2m+ 1)K (k¢)/\/§),m€N.

S) 2,./1—s5 l/) (\65 kw)

/ l/”lj N \\\\ 1// ,/’I) 4 \\\ ////I

///§ NN T NS
4 XK NS
N, fﬁ N / &) AN
A LI A TN
W2 4 N\ 7/ N

Timelike elastic curves By = (xy, yy) ( = —71/4,0,7/6).




Timelike elasticae: |k(y) =2y, e = —1

e K(y) =y? —cosh’t, 1> 0, (c < —1)



Timelike elasticae: |k(y) =2y, e = —1

e K(y) =y?—cosh®1, 7> 0, (c < —1)

—st+/1tc2 (dn(\/l—s-c% s ke)tn(y/I1c2s, ke)—E(y/1+2s, kT)),

xr(s) =

ye(s) = VI+ 2 de(V/T+ cZs, ke), k2 = [SnbCe
se ((zm_1 (ke)/V/I+ 2, (2m+1)K (ko) /m),mem.
Kt (s)=2\/1+c$ de(v/1+c2s, ke).

=,
o

VBN /|

UDZARNNy/Z0l
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Timelike elastic curves Br = (x¢, yr), (T =1,2,3).
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x(y) =1/y* |

o K(y) =—1/y
€ = 1. Spacelike case: € = —1. Timelike case:
x(s) = qiarccosh s,s> 1. x(s) = Farcsins, |s| < 1.
y(s) =£Vs?—1,s| > 1. y(s) =+£V1—s2 |s| <1
K(S):21v5>1 K(S):152v s| < L.
y = —sinhx, x € R. y = tcosx, |x| <m/2.

A - " -
. - X -
. - X
[
B L8

-
-
# -
A A -
. B
B Y B /‘ —\\
~ >
" #
4 Y #
- - #
B B
-
-
-
"

-
S
S
= #
B #
w #
w s a
. s n
L3



x(y) =1/y* |

o K(y) =—1/y
€ = 1. Spacelike case: € = —1. Timelike case:
x(s) = qiarccosh s,s> 1. x(s) = Farcsins, |s| < 1.
y(s) =£Vs?—1,s| > 1. y(s) =+£V1—s2 |s| <1
K(S):21v5>1 K(S):152v s| < 1.
y = —sinhx, x € R. y = tcosx, |x| <m/2.
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“Lorentzian catenaries”



Lorentzian catenaries.

Kobayashi introduced in 1993, studying maximal rotation surfaces in I3,

the catenoid of the first kind with equation y2 4+ z2 —sinh® x = 0

and the catenoid of the second kind with equation x2 — z2 = cos? y.




Lorentzian catenaries.

Kobayashi introduced in 1993, studying maximal rotation surfaces in I3,
the catenoid of the first kind with equation y2 4+ z2 —sinh® x = 0
and the catenoid of the second kind with equation x2 2

— 7% = cos? y.
The generatrix curves of both
. = catenoids coincide with the graph
4 \ y = —sinhx, x € R and the
bigraph x = +cosy, |y| < 7t/2.




Lorentzian catenaries.

Kobayashi introduced in 1993, studying maximal rotation surfaces in I3,
the catenoid of the first kind with equation y2 4+ z2 —sinh® x = 0

and the catenoid of the second kind with equation x2 — z2 = cos? y.

The generatrix curves of both
= catenoids coincide with the graph
\ y = —sinhx, x € R and the
bigraph x = +cosy, |y| < /2.

@ The Lorentzian catenary of the first kind y = —sinh x, x € R,
is the only spacelike curve (up to translations in the x-direction)
with geometric linear momentum C(y) = —1/y.

@ The Lorentzian catenary of the second kind x = 4-cos y, |y| < 71/2,
is the only spacelike curve (up to translations in the y-direction)
with geometric linear momentum C(x) = —1/x.
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k(y) =1/y* |

e K(y)=c—1/y, c#0. € = 1, Spacelike case:

x = c271+1 (c\/(c2 +1)y2—2cy +1— ﬁarcsinh((c2 +1)y — c))

5 "

P/URY
A/

Curves with (y) = c—1/y; ¢ <0 (left) and ¢ > 0 (right).




_ 2
x(y) =1/y* |
o K(y)=c—1/y, c#0. € = —1, Timelike case:
“K(y)=1-1/y: K(y)=-1-1/y:
X = (2—}’)3 1—2}’, y<1/2. x = _(2"‘}’)3\/1""2}/’ y >
} \'\ \l \\

“K(y) =c—=1/y, |c| > 1:

X =

1
c2-1

|0g(2(\/52—1 (c2—1)y2—25y+1+(<72—1)y—c))

—-1/2.

c\/(c2—1)y2—2cy+1+ T

“K(y)=c—1/y, || <L

X =

1
c2-1

c/(c2=1)y? —2cy +1— ﬁ arcsin((c? — 1)y — c))

)
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° K(y)=¢
€ = 1. Spacelike case:
x(s) =

—logtanh(—s/2),s < 0.

y(s) = log(—cschs), s < 0.

k(s) = —cschs, s < 0.

y = log(sinh x), x > 0.

€ = —1. Timelike case:

x(s) =
log(secs +tans), |s| < 7r/2.
y(s) = logsecs, |s| < /2.

k(s) =secs, [s| < /2.
y = log(cosh x), x € R.
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* K(y)=¢

€ = 1. Spacelike case: € = —1. Timelike case:
x(s) = x(s) =
—logtanh(—s/2),s < 0. log(secs +tans), |s| < 7r/2.
y(s) = log(—cschs), s < 0. y(s) = logsecs, |s| < /2.
k(s) = —cschs, s < 0. k(s) =secs, [s| < /2.
y = log(sinh x), x > 0. y = log(cosh x), x € R.
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“Lorentzian grim-reapers”



Lorentzian grim-reapers

Both curves satisfy the translating-type soliton equation:
x=g((0,1),N)



Lorentzian grim-reapers

Both curves satisfy the translating-type soliton equation:
x=g((0,1),N)

@ The Lorentzian grim-reaper y = log(sinh x), x > 0,
is the only spacelike curve (up to x-translations) in IL2
with geometric linear momentum C(y) = &Y.

@ The Lorentzian grim-reaper y = log(cosh x), x € R,
is the only timelike curve (up to x-translations) in IL?
with geometric linear momentum C(y) = e”.




o K(y)=€¢"+c, c#0. /// ///
/4 - 7

Spacelike case (€ = 1): y /4 K

x = arcsinh(e¥ + ¢) — /5/ NN

c

\/Tﬁarcsinh(c+(c2+l)e*y). /// \‘\\

Timelike case (e = —1):
Ky)=¢"+1:
. Y -

x =2log(ver +ve&r +2) —/1+2e . K(y)=e 1
K(y)=¢€"+c, |c|>1: x = 2log(ver + /e —2) — V1 2e7.

: ' . — o .
x = log (2(V/P) +¢¥ +¢)) - K(}/) =e +c |C| <1:
clog(2¢™Y (V2 -1y/P(eV)+ce¥ +c2-1)) x = log (2(y/P(Y) + ¢ +)) + g arcsin (c+(@-1e).

c2-1







Theorem

Prescribe x = x(v) continuous.
Then the problem of determining a spacelike or timelike curve

u(s);v(s) ' u(s)-;v(s))

-s arc length- is solvable by three quadratures
(e = 1 spacelike, € = —1 timelike):




Theorem

Prescribe x = x(v) continuous.
Then the problem of determining a spacelike or timelike curve
u(s)—v(s) u(s)-‘rv(s))
2 ' 2
-s arc length- is solvable by three quadratures
(e = 1 spacelike, € = —1 timelike):

—€ L.
Qo dv = ) geometric linear momentum.
v




Theorem

Prescribe x = x(v) continuous.
Then the problem of determining a spacelike or timelike curve
u(s)—v(s) u(s)-‘rv(s))
2 ' 2
-s arc length- is solvable by three quadratures
(e = 1 spacelike, € = —1 timelike):

o / ) geometric linear momentum.

Q@s=s v):e/IC v)dv --» v = v(s) --» k = Kk(s).




Theorem

Prescribe x = x(v) continuous.
Then the problem of determining a spacelike or timelike curve

(s e) ae)gvts))

-s arc length- is solvable by three quadratures
(e = 1 spacelike, € = —1 timelike):

o /K(v)dv = % geometric linear momentum.
Q@ s=s(v)= e//C(v)dv -=» v =v(s) --» k = K(s).
ewg:/mwma




Theorem

Prescribe ¥ = x(v) continuous.
Then the problem of determining a spacelike or timelike curve
u(s)—v(s) u(s)+v(s))
2 ' 2
-s arc length- is solvable by three quadratures
(e = 1 spacelike, € = —1 timelike):

—€
o /K(v)dv = IOk geometric linear momentum.

Q@ s=s(v)= e/lC(v)dv -=» v =v(s) --» k = K(s).
Q u(s) = /K(v(s))ds.

» Such a curve is uniquely determined by C(v) up to a u-translation.
e /C(v) will distinguish geometrically the curves inside a same family by
their relative position with respect to the u-axis.
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Examples: constant curvature



Examples: constant curvature

Geodesics: k =0

° K(v) = —e/c,c #0.uls) = —es/c, v(s) = —cs, s €R
(lines passing through the origin with slope m = §+§2)

€ =1= |m| > 1 spacelike geodesics, ¢ = —1 = |m| < 1 timelike geodesics.




Examples: constant curvature

Geodesics: k =0

o C(v)=—€/c,c#0. u(s) = —es/c, v(s) = —cs, s e R
(lines passing through the origin with slope m = it—i;)

€ =1= |m| > 1 spacelike geodesics, ¢ = —1 = |m| < 1 timelike geodesics.

v

Circles: k=ky>0

e K(v) = iy c € Rou(s) = —eeh% /ky, v(s) = (e k% —¢)/ko.
€ =1 = x(s) = (—cosh(kos) + ¢/2)/ ko, y(s) = —(sinh(kos) + c/2)/ko.

€ = —1 = x(s) = (sinh(kos) + c/2)/ ko, y(s) = (cosh(kgs) — c/2)/ko.

N
\
N
N

N
N

Spacelike and timelike pseudocircles in IL2 of radius 1/ kg.




k(v) =2v |

o-elastica: 2i — k3 — ok = 0, c € R.
4 0 >

1
EnergyEGlR:E:KszK — =K.

4 2

o

47



k(v) =2v |

o-elastica: 2i — k3 — ok = 0, c € R.

1
Energy E € R: E = ©2 — ZK4 — gKZ.
e C(v) = -5

e €€ R (e =1 spacelike, € = —1 timelike).




k(v) =2v |

o-elastica: 2i — k3 — ok :10, e R.
Energy E € R: E=#i*—-x* 7x2

L
e K(v) = =25 c €R (e =1spacelike, € = —1 timelike).
Q@ c=0:

u(s) = —es3/3, v(s) =1/s, «(s) =2/s,s#0.

Spacelike (blue) and timelike (red) elastic curve
withoc=E =0



k(v) =2v |

o-elastica: 2i — k3 — ok :10, e R.
Energy E € R: E=#i*—-x* 7x2

L
e K(v) = =25 c €R (e =1spacelike, € = —1 timelike).

Q@ c>0: u(s):_g(iJrM

5+ S ) v(s) = —/ctan(,/cs).
k(s) = —2y/ctan(y/cs), |s| < 1t/24/c.

N
N
N

N

N
N
N

N
N

N

Spacelike (blue) and timelike (red) elastic curves
with ¢ = 4c > 0 and E = 4c? (¢ = 1,2,3)



k(v) =2v |

o-elastica: 2i — k3 — ok = 0, c € R.

1
Energy E € R: E = ©2 — ZK4 — gKZ.
e K(v) = =25 c €R (e =1spacelike, € = —1 timelike).

Q c<0:u(s)=¢ (7% + %) v(s) = v/—ccoth(y/—cs).
k(s) = 2y/—ccoth(y/—cs), s # 0.

Spacelike (blue) and timelike (red) elastic curves
with 0 =4c < 0and E =4c? (c = —1,-2,-3)
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k(v) =1/v? J

o [C(v) =ev (e =1 spacelike, e = —1 timelike)
1
u(s) = 2ev/2s\/s/3, v(s) =+/2s, k(s) = 55> 0.
Graphs u = e€v3/3, v>0fore=+1.

N
N
A
N
N\
N
N
N
N
Y

Spacelike (blue) and timelike (red) curve in 1.2
with (v) = ev, e = £1.



Generatrix of Enneper’s surface of second kind

Kobayashi, 1993: Enneper’s surface of second kind.
Rotation surface with lightlike axis (1,0, 1) and generatrix curve
x=AM—t+13/3), z=A(t+t3/3), A > 0, at the xz-plane.




Generatrix of Enneper’s surface of second kind

Kobayashi, 1993: Enneper’s surface of second kind.
Rotation surface with lightlike axis (1,0, 1) and generatrix curve
x=AM—t+13/3), z=A(t+t3/3), A > 0, at the xz-plane.

The generatrix curve of Enneper's
surface for A = 1/2 coincide with
the graph u = v3/3, v > 0.




Generatrix of Enneper’s surface of second kind

Kobayashi, 1993: Enneper’s surface of second kind.
Rotation surface with lightlike axis (1,0, 1) and generatrix curve
x=AM—t+13/3), z=A(t+t3/3), A > 0, at the xz-plane.

The generatrix curve of Enneper's
surface for A = 1/2 coincide with
the graph u = v3/3, v > 0.

The generatrix curve of the Enneper’s surface of second kind, u = v3/3,
v > 0, is the only spacelike curve (up to dilations and u-translations) with
geometric linear momentum K(v) = v (and curvature x(v) = 1/v?)




K(v) =

—€v
cv—1

¢ #0 (e =1 spacelike, € = —1 timelike)
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k(v) =1/v? J

o [C(v) = %5, ¢ #0 (e =1 spacelike, € = —1 timelike)

cv—

u:u(v)zg(cv—l—ﬁ—l—ﬂog(cv—l)),
v>1l/cifec>0,v<l1l/cifc<DO.

N \ // VA N //V

N~

~
—
/ =
/ \, ol <\

/ s\ \\
74u A\ 74N
IN\N ™~ 7/ \
(left) and
1 (right).

Spacelike curves with K(v) =
timelike curves with K(v) =

cvl
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e KC(v)

——£
eV+c’

c € R (e =1 spacelike, € = —1 timelike)
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k(v) =e" J

o C(v) = —=f~=, c € R (e =1 spacelike, € = —1 timelike)

eV+c
Q c—=0: u(s)=—es?/2, v(s) = —logs, k(s) = 1/s, s > 0.
Graph u = —¢ e 2v/2, veR.
Translating-type soliton equation: x = g((1,1), N).

N
N
N
Y

A Y
N

Spacelike (blue) and timelike (red)
€

Lorentzian grim-reapers, (v) = — %




e KC(v) = c € R (e =1 spacelike, € = —1 timelike)

__€
eV+c!

Q c#0:u(s)=—-% (S—I—%» v(s) = log z=—,
K(S)Zﬁc_l,5>0

N\

\\\
N

\\ \
AN\

Spacelike curves (blue) and timelike curves (red)
with K(v) = =55, ¢ #0
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